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tions by which the fundamental quadric is invariant and by which points that correspond to the same point in 8 are transformed into each other. Because of the theorems established in paragraph 8 it follows that the group of the space interpreted in 2 must not only be properly discontinuous but must be subject to the condition that the distance between corresponding points shall never be less than a certain finite quantity. In particular, no transformation of the group may have a real fixed point. If the region of discontinuity of the group in 2 is obtained, this region will correspond in a one-to-one manner to S, when k is zero or pure imaginary, and in either a one-to-one manner or a one-to-two manner to S when k is real. Conversely, the region of discontinuity of any properly discontinuous group in 2, by which the distance between two corresponding points is never less than a finite quantity, will furnish an example of a space satisfying the five hypotheses. Hence the problem to determine the Clifford-Klein space is reduced to the problem to determine all groups with the required properties.
Before proceeding to the nearer discussion of the problem, we may note that our derivation of the group of the space is based upon the consideration of a three-dimensional region SQ in which each point has different sets of coordinates. This region gives opportunity to apply the fifth hypothesis. There is still the possibility therefore that certain exceptional one-dimensional or two-dimensional regions may exist, upon which the same point may have sets of coordinates not connected by transformations of the group. The following two examples are given by Killing of a two-dimensional space of zero curvature having an exceptional line.
1. Consider a cylinder in Euclidian space standing upon a cubic curve with a double point. The geometry of the cylinder is that of the Euclidean plane except for the presence of the double line.
We call 2a the length of the loup of the cubic, and take as the origin of coordinates the point on the loup equidistant from the double point in each direction. Then if we take for one coordinateom the surface. The geometry is called by Klein the Elliptic Geometry.lacement of SQ imparts a unique displacement to each
